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Let K = ker(χ) be the kernel of an irreducible character χ of a
ﬁnite group G , and let S be the largest solvable normal subgroup
of K . We show that if the degree of χ is large compared to the
degrees of other irreducible characters of G , or if the kernel K is
small compared to the kernels of other irreducible characters of G ,
then the Fitting height of S is small. Also, we show that the derived
length of a nonabelian solvable group is bounded by a logarithmic
function of the ratio b/c, where b is the largest irreducible
character degree of G and c is the smallest nonlinear irreducible
character degree. Finally, using the classiﬁcation of simple groups,
we show that certain kernels of irreducible characters of large
degree must be solvable.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let K = ker(χ) be the kernel of an irreducible character χ of some ﬁnite group G . It is known
that in certain extreme situations, K must be nilpotent. For example, K is nilpotent if χ(1) is the
maximum of the degrees of the irreducible characters of G or if K is minimal (with respect to con-
tainment) in the set of kernels of irreducible characters of G . (We discuss these results of S. Garrison
and D. Broline more fully below.) In this paper, we obtain some analogous results for irreducible
character kernels that are not extreme in either of these senses.
In general, of course, character kernels need not be nilpotent or even solvable. We obtain control,
however, over solvable normal subgroups contained in kernels of irreducible characters. Speciﬁcally,
given an irreducible character kernel K , we establish an upper bound on the Fitting height of the
unique largest solvable normal subgroup S(K ) of K . (Recall that the Fitting height h(S) of a solvable
group S can be viewed as a measure of how far S is from being nilpotent. By deﬁnition, h(S) is the
smallest integer h such that Fh(S) = S , where Fi(S) is the ith term of the ascending Fitting series of S ,
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the Fitting height of the solvable radical S(K ) automatically applies to all normal solvable subgroups
of the irreducible character kernel K .
We generalize the notions of minimal irreducible character kernels and irreducible characters of
maximal degree as follows. For integers m  1, we say that a subgroup K ⊆ G is an mth minimal
irreducible character kernel in G if there exist irreducible character kernels Ki in G such that K =
K1 > K2 > · · · > Km , where m is as large as possible. Similarly, if we ﬁx a subset X ⊆ Irr(G), we say
that a character χ ∈X has mth maximal degree in X if there exist characters χi ∈X such that χ(1) =
χ1(1) < χ2(1) < · · · < χm(1), where m is as large as possible. (The increased generality obtained by
considering subsets X of Irr(G) will be useful later, but for now, we take X = Irr(G).) If m = 1, we
know that mth minimal kernels are nilpotent and that characters with mth maximal degree in Irr(G)
are nilpotent. In general, we have the following.
Theorem A. Let K = ker(χ), where χ ∈ Irr(G), and let S = S(K ). Assume that either
(a) χ has mth maximal degree in Irr(G) or
(b) K is an mth minimal irreducible character kernel in G.
Then h(S)m.
In fact, if χ has second maximal degree in Irr(G), we will show (via an appeal to the classiﬁ-
cation of simple groups) that K = ker(χ) is solvable, and thus K has Fitting height at most 2 by
Theorem A(a). For integers m 4, kernels of mth maximal degree characters in Irr(G) deﬁnitely need
not be solvable, but we leave unresolved the case m = 3. (It seems likely, however, that kernels of
characters of third maximal degree in G must be solvable.)
Another natural way to generalize the hypothesis that χ ∈ Irr(G) has maximum degree is as fol-
lows. Given a real number a  1, we can impose the condition that ψ(1)  aχ(1) for all characters
ψ ∈ Irr(G). (Note that χ has maximal degree in Irr(G) if and only if it satisﬁes this condition with
a = 1.)
To state our result in this situation, we deﬁne an integer valued function H(a) for real numbers
a  1. We set H(a) to be the maximum of the Fitting heights of all solvable subgroups of the sym-
metric group Sn , where n = [a], the greatest integer in a.
Theorem B. Let χ ∈ Irr(G), and write S = S(K ), where K = ker(χ). Suppose that a is a real number such that
ψ(1) aχ(1) for all characters ψ ∈ Irr(G). Then h(S) H(a) + 1.
If a < 2, then H(a) = 0, so the assertion of Theorem B in this case is that S(K ) is nilpotent. In fact,
if a < 2, an appeal to the classiﬁcation of simple groups can be used to show that K = ker(χ) must
be solvable, and hence K is nilpotent by Theorem B. (This, of course, is a proper generalization of the
fact that kernels of characters of maximal degree in Irr(G) are nilpotent, which is the case a = 1.)
In general, we shall see that H(a)  (3/2) log2(a), and so Theorem B yields a logarithmic bound
on the Fitting height of S(K ) in terms of the parameter a.
Now write b(G) to denote the largest irreducible character degree of a ﬁnite group G . It is well
known that if N  G and G/N is nonabelian, then b(N) b(G)/2, and it follows that if G is solvable,
then its derived length dl(G) satisﬁes dl(G) 1+ 2 log2(b(G)). (We present the easy proof of this fact
in Section 6.) Using Theorem B, we can obtain a somewhat analogous bound on the Fitting height
h(G) of a nonabelian solvable group G in terms of the ratio b(G)/c(G), where c(G) is the minimum
degree of a nonlinear character of G . (We refer to b(G)/c(G) as the degree ratio of the nonabelian
group G , and we write rat(G) = b(G)/c(G).) We have asserted that h(G) bounded in terms of rat(G)
for nonabelian solvable groups G , but actually, much more is true: a similar bound can be obtained
for the derived length dl(G).
Theorem C. Let G be solvable and nonabelian. If rat(G) < 2 then dl(G)  3, and in general, dl(G) 
3+ 4 log2(rat(G)).
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maximum degree in Irr(G) is due to S. Garrison. Actually, Garrison proved a stronger theorem: not
only is K is nilpotent, but also L is nilpotent whenever L/K is an abelian chief factor of G . (This
result is contained in Theorem 12.19 of [2].) The fact that a minimal irreducible character kernel K
is nilpotent is a consequence of a stronger theorem of D. Broline, which asserts that L is nilpotent
whenever K ⊆ L  G and L/K is nilpotent. (This is Theorem 12.24 of [2].)
Let K G . We shall say that K is E-nilpotent in G if K is nilpotent and also L is nilpotent whenever
L/K is an abelian chief factor of G . (Note that there may be no such subgroup L, so the requirement
that K is nilpotent is not redundant in this deﬁnition.) Similarly, we shall say that K is strongly
E-nilpotent if L is nilpotent whenever K ⊆ L  G and L/K is nilpotent. Broline’s theorem asserts,
therefore, that minimal irreducible character kernels are strongly E-nilpotent, and Garrison’s theo-
rem asserts that kernels of irreducible characters of maximum degree are E-nilpotent. (But note that
these kernels are not necessarily strongly E-nilpotent. If G is dihedral of order 24, for example, then
b(G) = 2, and there exists an irreducible character of degree 2 with kernel K of order 3. Then G/K is
nilpotent but G is not, and thus K is not strongly E-nilpotent.)
We mention that if K is an E-nilpotent normal subgroup in G and N ⊆ K with N  G , then N is
also E-nilpotent in G . Certainly, N is nilpotent, and to check that it is E-nilpotent, suppose that M/N
is an abelian chief factor of G . Then either M ⊆ K , in which case it is obviously nilpotent, or else
MK/K is G-isomorphic to M/N , and so it is an abelian chief factor in G . In the latter case, MK is
nilpotent, and it follows that M is nilpotent. Similar reasoning shows that if K is strongly E-nilpotent
in G , then N is also strongly nilpotent in G .
As we shall see, the notion of E-nilpotence is crucial in the proof of Theorem A. In the case where
K = ker(χ) is an mth minimal kernel, we shall appeal to the full strength of Broline’s theorem, and
in the case where χ has mth maximal degree, we shall ﬁnd ourselves essentially reproving Garrison’s
theorem.
We should also mention another result related to Garrison’s theorem. Let N  G , and recall that by
deﬁnition, Irr(G|N) is the set {χ ∈ Irr(G) | N ⊆ ker(χ)}. Now choose a character χ in Irr(G|N) having
maximum possible degree, and let K = ker(χ). Theorem 4.1 of [4] asserts that N ∩ K is E-nilpotent
in G , but in fact, a stronger result is true: K is actually E-nilpotent in this situation. Since this implies
that N ∩ K is E-nilpotent, we see that Theorem 4.1 of [4] is a consequence of the following result.
Theorem D. Let N G, and suppose that χ has maximum degree in Irr(G|N). Then ker(χ) is E-nilpotent in G.
Of course, Theorem D is essentially a generalization of Garrison’s theorem. (To see this, take
N = G .) We will prove an even more general result by considering characters of large degree in certain
“closed” subsets X of Irr(G), which we will deﬁne. As we shall see, the whole set Irr(G) is closed, as
are all subsets of the form Irr(G|N) for normal subgroups N of G , and thus both Garrison’s theorem
and Theorem D can be viewed as special cases of this more general result, which appears below as
Theorem 3.5. Also, this notion of closed sets of characters yields strong forms of Theorems A(a) and B,
and these appear as Theorems 3.6 and 4.1.
I close this introduction with thanks to Alex Moretó. It was he who suggested the line of research
pursued in this paper by asking whether or not some version of Theorem A might be true.
2. Nearly minimal kernels
The proof of Theorem A(b) is a fairly straightforward application of Broline’s theorem, and we
dispose of that ﬁrst. We begin by restating the result in a stronger form.
(2.1) Theorem. Let K is an mth minimal irreducible character kernel in G, and write S = S(K ). Suppose that
S ⊆ T  G, where T /S is nilpotent. Then h(T )m.
Proof. If m = 1, then K is a minimal kernel in G , and thus S = K is strongly E-nilpotent in G by
Broline’s theorem. It follows that T is nilpotent, and hence h(T ) 1, as required. We can thus assume
that m 2, and we proceed by induction on m.
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where m is as large as possible. The longest kernel chain descending from K2 thus has m − 1 terms,
and so K2 is an (m − 1)th minimal kernel in G . Now S ∩ K2 = S(K2), so if S ⊆ K2, then in fact,
S = S(K2), and hence h(T )m− 1 by the inductive hypothesis, and there is nothing further to prove.
We can assume, therefore, that S(K2) < S . Since S is solvable, we can choose a subgroup U ⊆ S
such that S(K2) < U  G and U/S(K2) is nilpotent, and hence by the inductive hypothesis, h(U ) 
m − 1. Now U ⊆ S(K2) = K2 ∩ S , and thus U ⊆ K2, and we have K2 < U K2 ⊆ K . Since there is no
irreducible character kernel of G strictly between K2 and K , it follows that K/U K2 is a minimal
irreducible character kernel in G/U K2, and thus by Broline’s theorem, K/U K2 is strongly E-nilpotent
in G/U K2.
Now T ∩ K is a solvable normal subgroup of K containing S = S(K ), and thus T ∩ K = S .
Then T K/K ∼= T /(T ∩ K ) = T /S , and so T K/K is nilpotent. Since K/U K2 is strongly E-nilpotent,
it follows that T K/U K2 is nilpotent, and hence its subgroup TU K2/U K2 is nilpotent, and we de-
duce that T /(T ∩ U K2) is nilpotent. We argue next that T ∩ U K2 = U , and thus T /U is nilpo-
tent, and h(T )  1 + h(U )  m, as required. Certainly, U ⊆ T ∩ U K2, and so by Dedekind’s lemma,
T ∩ U K2 = U (T ∩ K2). But T ∩ K2 is a solvable normal subgroup of K2, and thus T ∩ K2 ⊆ S(K2) ⊆ U ,
and we have T ∩ U K2 = U , as wanted. 
3. Nearly maximal degrees
The key to the proofs of the theorem of Garrison in [2] and Theorem 4.1 in [4] is the following
lemma, which we need for the proofs of Theorems A(a) and D. To state the result, we recall that the
vanishing-off subgroup V(χ) of a character χ ∈ Irr(G) is the subgroup generated by all elements g ∈ G
such that χ(g) = 0. Thus χ(x) = 0 for x ∈ G −V(χ), and V(χ) is the smallest subgroup of G with this
property.
(3.1) Lemma. Let H ⊆ G, and suppose that θ ∈ Irr(H) has the property that χH = θ for every irreducible
constituent χ of θG . Then V(θ)  G.
Proof. This is Lemma 12.17 of [2]. 
We also need the following easy observation.
(3.2) Lemma. Let K  G, and suppose that K ⊆ ker(χ), where χ ∈ Irr(G). Let K ⊆ L  G, where either L = K
or L/K is minimal normal in G/K . Then L ⊆ V(χ).
Proof. First, ker(χ) ⊆ V(χ) since if x ∈ ker(χ), then χ(x) = χ(1) = 0. Then K ⊆ V(χ) ∩ L ⊆ L, and
hence either V(χ) ∩ L = L or V(χ) ∩ L = K . If V(χ) ∩ L = L, then L ⊆ V(χ), and there is nothing
further to prove. We can suppose, therefore, that V(χ) ∩ L = K , and we have
|L| | [χL,1L] =
∑
x∈L
χ(x) =
∑
x∈V(χ)∩L
χ(x) =
∑
x∈K
χ(x) = |K |χ(1) = 0,
where the second equality holds since χ vanishes on L − (V(χ) ∩ L) and the fourth equality holds
because K ⊆ ker(χ). In this case, χL has a principal constituent, and thus L ⊆ ker(χ) ⊆ V(χ), as
wanted 
(3.3) Corollary. Let KM = G, where K  G, and suppose that θ ∈ Irr(M) and K ∩ M ⊆ ker(θ). Let K ⊆ L  G,
and assume either that L = K or that L/K is a minimal normal subgroup of G/K . Then L ∩ M = L ∩ V(θ).
Proof. The natural isomorphism G/K ∼= M/(K ∩ M), carries L/K to (L ∩ M)/(K ∩ M), and thus
(L∩M)/(K ∩M) is either trivial or is a minimal normal subgroup of M/(K ∩M). Since K ∩M ⊆ ker(θ),
Lemma 3.2 yields L ∩ M ⊆ V(θ), and thus L ∩ M ⊆ L ∩ V(θ). The reverse containment is obvious. 
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(3.4) Lemma. Let L  G, and suppose that L ∩ M  G for every maximal subgroup M of G. Then L is nilpotent.
Proof. It suﬃces to show for each prime p that a Sylow p-subgroup P of L is normal in G . If P is
not normal, we can choose a maximal subgroup M of G with NG(P ) ⊆ M , and thus P ⊆ L ∩ M . But
L ∩ M  G by hypothesis, and since P ∈ Sylp(L ∩ M), the Frattini argument yields G =
(L ∩ M)NG(P ) ⊆ M , which is a contradiction. 
Given a group G , we deﬁne an ordering on Irr(G) by writing α ≺ β if α(1) < β(1) and ker(α) >
ker(β), where α,β ∈ Irr(G). We say that a subset X ⊆ Irr(G) is closed if β ∈X whenever α ∈X and
α ≺ β . Of course, the whole set Irr(G) is closed, and it is easy to see that subsets of the form Irr(G|N)
for N  G are also closed.
The following is a variation on Theorem 12.19 of [2]. It includes Theorem D, as well as Garrison’s
original result. It also includes a weak form of Broline’s theorem, since if K = ker(χ) is a minimal
kernel, then {χ} is closed. (This result does not include the full strength of Broline’s theorem, however,
because it does not establish that K is strongly E-nilpotent.)
(3.5) Theorem. Let X ⊆ Irr(G) be a closed subset, and suppose that χ ∈ X has maximal degree in X . Then
K = ker(χ) is E-nilpotent in G.
Proof. Suppose that K ⊆ L  G , where either L/K is an abelian chief factor of G , or else L = K . We
must show that L is nilpotent, so we consider a maximal subgroup M of G , and we work to show that
L ∩ M  G . We can, of course, assume that L ⊆ M , and thus LM = G . If K ⊆ M , then K ⊆ L ∩ M ⊆ L,
and thus L ∩ M  L since L/K is abelian. Also, of course, L ∩ M  M , and thus L ∩ M  LM = G , as
required. We can assume, therefore, that K ⊆ M , and thus KM = G . Since K = ker(χ), we conclude
that χM is irreducible, and we write θ = χM .
Now let ψ be an irreducible constituent of θG . Then θ is a constituent of ψM , and thus
ψ(1)  θ(1) = χ(1). If ψ(1) > χ(1), then ψM is reducible, and thus Mker(ψ) = G , and it follows
that ker(ψ) ⊆ M . Since θ is a constituent of ψM , we have ker(ψ) ⊆ ker(θ) < ker(χ), where the sec-
ond containment holds since χM = θ , and it is strict because ker(χ) ⊆ M . Thus χ ≺ ψ , so ψ ∈X , and
this is a contradiction because χ has maximum degree among the characters in X . We conclude that
all irreducible constituents ψ of θG satisfy ψM = θ , and hence Lemma 3.1 yields V(θ)G . Finally, since
L/K is either trivial or is a minimal normal subgroup of G/K , Corollary 3.3 yields L∩M = L∩V(θ)G ,
as wanted. 
Next, we establish a strong form of Theorem A(a).
(3.6) Theorem. LetX ⊆ Irr(G) be a closed subset, and letχ ∈X havemthmaximal degree inX . Let S = S(K ),
where K = ker(χ), and let F = Fm−1(S) be the (m − 1)th term of the ascending Fitting series of S. Then S/F
is E-nilpotent in G/F , and h(S)m.
Proof. Observe that h(F )m − 1. When we establish that S/F is E-nilpotent in G/F , we will know
that S/F is nilpotent, and it will follow that h(S) 1+ h(F )m, proving the last assertion.
If m = 1, then S = K is E-nilpotent in G by Theorem 3.5. Since F = 1 in this case, there is nothing
further to prove, and thus we can assume that m > 1. Assuming now that S ⊆ T  G , where either
T = S or T /S is an abelian chief factor of G , our goal is to show that T /F is nilpotent. By Lemma 3.4,
it suﬃces to show that T ∩M G whenever M is a maximal subgroup of G that contains F . To do this,
we ﬁx a maximal subgroup M ⊇ F , and we begin by reasoning as we did in the proof of Theorem 3.5.
If T ⊆ M , then T ∩M = T G , so we can assume that T ⊆ M , and thus TM = G . If S ⊆ M , then since
T /S is abelian, it follows that T ∩ M  T , and since also T ∩ M  M and TM = G , we have T ∩ M  G ,
as wanted. We can assume, therefore, that S ⊆ M , and thus SM = G , and since S ⊆ K = ker(χ), we
see that χM is irreducible, and we write θ = χM .
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is reducible, and thus ker(ψ)M = G , so ker(ψ) ⊆ M , and we have ker(ψ) ⊆ ker(θ) < ker(χ). Then
χ ≺ ψ , so ψ ∈ X , and since ψ(1) > χ(1), it follows that there exists an integer n <m such that ψ
has nth maximal degree in X . Now write L = ker(ψ), and observe that S(L) = S ∩ L since L ⊆ K . The
inductive hypothesis guarantees that (S ∩ L)/E is E-nilpotent in G/E , where E is the (n − 1)th term
of the ascending Fitting series for S ∩ L.
Now F ⊆ S ∩M ⊆ K ∩M = ker(θ). Since θ is a constituent of ψM , it follows that ψF has a principal
constituent, and thus F ⊆ ker(ψ) = L. Since S ⊆ M and L ⊆ M , we see that S ⊆ L, and thus S ∩ L < S ,
and we can choose a chief factor U/(S ∩ L) of G with U ⊆ S . Since S is solvable, U/(S ∩ L) is an
abelian chief factor, and since (S ∩ L)/E is E-nilpotent in G/E , we conclude that U/E is nilpotent, and
thus h(U ) h(E)+1 (n−1)+1 = n <m. Then U ⊆ Fm−1(S) = F ⊆ L, and we have U ⊆ S ∩ L, which
is a contradiction.
It follows that no irreducible constituent of θG has degree exceeding χ(1) = θ(1), and thus
Lemma 3.1 yields V(θ)  G . Now T /S is either trivial or is a minimal normal subgroup of G/S , and
since S ∩ M ⊆ ker(θ), Corollary 3.3 yields T ∩ M = T ∩ V(θ)  G , as wanted. 
4. Multiples of the degree
Recall that for real numbers a  1, we deﬁned H(a) to be the maximum of the Fitting heights of
solvable subgroups of the symmetric group Sn , where n = [a]. The following includes Theorem B.
(4.1) Theorem. Let χ ∈ X , where X is a closed subset of Irr(G), and let a  1 be a real number such that
ψ(1) aχ(1) for all characters ψ ∈X . Let K = ker(χ) and write S = S(K ). Then h(S) H(a) + 1.
Before we begin the proof, we recall that if S is a solvable group and i  0 is an integer, there is a
unique smallest subgroup N  S such that h(S/N) i, and we write Ei(S) to denote this characteristic
subgroup of S . (The subgroups Ei(S) are thus the terms of the descending Fitting series of S .)
Proof of Theorem 4.1. Let m = H(a)+ 1, and write E = Em(S). Then E  G , and we work to show that
E ⊆ Φ(G), the Frattini subgroup. One this is established, it will follow that F(S/E) = F(S)/E , and thus
for subscripts i  1, the terms of the ascending Fitting series of S and of S/E correspond, and hence
Fi(S)/E = Fi(S/E). In particular, since Fm(S/E) = S/E , it follows that Fm(S) = S , and thus h(S)m,
as wanted. It suﬃces, therefore, to show that E ⊆ M , for every maximal subgroup M of G .
Let M be maximal in G , and observe that if S ⊆ M then E ⊆ M , and there is nothing further
to prove. We can assume, therefore, that S ⊆ M , and we write D = S ∩ M , so that D < S . Let Y =
coreG(D), and note that Y ⊆ D < S , and thus we can choose a chief factor X/Y of G with X ⊆ S .
Then X ⊆ D , and thus X ⊆ M , and we have XM = G .
Since S is solvable, X/Y is abelian, and thus Y ⊆ X ∩ M  X . Also X ∩ M  M , and since XM = G ,
we conclude that X ∩ M  G , and thus since X ∩ M < X , we have X ∩ M = Y .
We argue next that X/Y is self-centralizing in S/Y . To see this, let C = CS (X/Y ), and observe that
C  G , and thus C ∩ M  M . Also, [C ∩ M, X] ⊆ [C, X] ⊆ Y ⊆ C ∩ M , and thus X normalizes C ∩ M , and
we have C ∩ M  XM = G . But Y ⊆ C ∩ M ⊆ D and Y = coreG(D), and it follows that C ∩ M = Y , and
thus C = X(C ∩ M) = X , as wanted.
Now ((1M)G)X = (1Y )X is a sum of the distinct linear characters of X/Y , and it follows
that ((1M)G)X is multiplicity-free, and hence (1M)G and ((1M)G)S are also multiplicity-free. Also,
((1M)G)S = (1D)S , and we consider a nonprincipal irreducible constituent ϕ of this character. Then
ϕX is a sum of ϕ(1) distinct nonprincipal linear characters of X/Y , and these are permuted by S .
Let ξ be an irreducible constituent of (1M)G lying over ϕ , and note that [(1M)G , ξ ] = 1 since (1M)G
is multiplicity-free. By the Clifford correspondence, ξ = ηG for some character η ∈ Irr(T ), where T is
the stabilizer of ϕ in G . Also, ηS is a multiple of ϕ , and [ηS ,ϕ] = [ξS ,ϕ] = 1, where the second
equality holds because ((1M)G)S is multiplicity-free. We conclude that ηS = ϕ .
Now let γ be an irreducible constituent of χT , and note that χ is a constituent of γ G , and thus
χ(1)  γ G(1) = |G : T |γ (1). Also, since S ⊆ ker(χ), we have S ⊆ ker(γ ), and thus γ η ∈ Irr(T ) by
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the character ψ = (γ η)G is irreducible, and we have
ψ(1) = |G : T |γ (1)η(1) χ(1)η(1) = χ(1)ϕ(1).
We argue next that ϕ(1)  a, so we suppose that ϕ(1) > a. Then ψ(1)  χ(1)ϕ(1) > aχ(1), and
thus by hypothesis, ψ ∈X . But ψ(1) > χ(1), and we derive a contradiction by showing that ker(ψ) <
ker(χ), and thus χ ≺ ψ .
Let L = ker(ψ), and note that L ⊆ ker(γ η) since (γ η)G = ψ , and in particular, L ⊆ T . We argue that
L ⊆ M . Otherwise, since L  G , we have LM = G , and thus T = L(M ∩ T ) by Dedekind’s lemma. Since
L ⊆ ker(γ η) and γ η ∈ Irr(T ), it follows that (γ η)M∩T is irreducible, and thus ηM∩T is irreducible.
Also, we have
[ηM∩T ,1M∩T ] =
[
(ηM∩T )M ,1M
]= [(ηG)M ,1M
]= [ηG , (1M)G]= [ξ, (1M)G]= 1,
and it follows that the irreducible character ηM∩T must be the principal character. Then 1  a <
ϕ(1) = η(1) = 1, and this contradiction shows that L ⊆ M , as claimed.
Since L  G , we have L ⊆ ker((1M)G), and we conclude that L ⊆ ker(ξ). Since ξ = ηG , we have
L ⊆ ker(η), and since also L ⊆ ker(γ η), we deduce that L ⊆ ker(γ ). Again using the fact that L  G ,
we have L ⊆ ker(γ G ), and thus L ⊆ ker(χ) since χ is a constituent of γ G . In fact, L < ker(χ) as
wanted, since L ⊆ M . This proves that ϕ(1) a, as claimed.
Since ϕX is a sum of ϕ(1) distinct linear characters of X that are permuted by S , there exists
a homomorphism from S into the symmetric group on ϕ(1) symbols. Let N be the kernel of this
homomorphism, and observe that N ﬁxes some nonprincipal linear character of X/Y . Also S/N is
a solvable group that is isomorphically embedded in the symmetric group on ϕ(1) symbols, and
since ϕ(1)  a, we have h(S/N)  H(a) = m − 1 where the inequality follows by the deﬁnition of
H(a). Then Em−1(S) ⊆ N , and hence Em−1(S) has a nontrivial ﬁxed point in Irr(X/Y ). But G acts
irreducibly on the abelian group Irr(X/Y ) since X/Y is a chief factor of G , and since Em−1(S)  G ,
it follows that Em−1(S) acts trivially on Irr(X/Y ). Because X/Y is abelian, we can conclude that
Em−1(S) also acts trivially on X/Y . However, CS (X/Y ) = X , and thus Em−1(S) ⊆ X , and we conclude
that h(S/X) m − 1. Since X/Y is abelian, we have h(S/Y ) m, and thus E = Em(S) ⊆ Y ⊆ M , as
wanted. 
(4.2) Corollary. LetX ⊆ Irr(G) be closed, and let χ ∈X . Assume thatψ(1) < 2χ(1) for all charactersψ ∈X .
Then S(ker(χ)) is nilpotent.
Proof. Let a be the maximum of ψ(1)/χ(1) as ψ runs over X . Then 1 a < 2, and by Theorem 4.1,
we have h(S)  H(a) + 1, where S = S(ker(χ)). But [a] = 1, and thus H(a) = 0, and the result fol-
lows. 
The following result (which is probably known) makes the bound in Theorem 4.1 somewhat more
explicit.
(4.3) Lemma.We have H(a) (3/2) log2(a) for a 1.
Proof. It is no loss to assume that a is an integer, and we proceed by induction on a. Clearly, H(1) = 0,
H(2) = 1, H(3) = 2 and H(4) = 3, and since 2 < (3/2) log2(3) and 3 = (3/2) log2(4), the desired
inequality holds for a 4. We can assume, therefore, that a 5, and we let n be the greatest integer
in (3/2) log2(a), so n 3.
We work to show that if S is a solvable permutation group of degree a, then h(S) n, or equiva-
lently, that En(S) = 1. If S is intransitive, then by the inductive hypothesis, En(S) is contained in the
kernel of the action of S on each orbit, and the result follows. We can assume, therefore, that S is
transitive.
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size c, where these blocks are permuted by S . Let u and v respectively, be the greatest integers in
(3/2) log2(b) and (3/2) log2(c), and note that u + v  n since bc = a. Since the set of blocks has
cardinality b < a, it follows by the inductive hypothesis that Eu(S) is contained in the kernel of
the action of S on the set of blocks, and so Eu(S) acts on each block. The blocks have size c < a,
however, and hence by the inductive hypothesis again, Ev (Eu(S)) acts trivially in each block. Then
En(S) ⊆ Ev(Eu(S)) = 1, as wanted.
We can now assume that S is primitive, and thus there is an abelian subgroup A  S that is
complemented by a point stabilizer T . If S is not 2-transitive, then T has an orbit with size at most
a/2, and it follows by the inductive hypothesis that En−1(T ) acts trivially on that orbit, and thus
En−1(T ) centralizes some nonidentity element of A. Then NS (En−1(T )) > T , and since T is maximal
in S and T contains no nontrivial normal subgroup of S , we conclude that En−1(T ) = 1. Then h(T )
n − 1, and thus h(S) n.
Finally, we can assume that S is 2-transitive. By B. Huppert’s classiﬁcation [1] of solvable 2-
transitive permutation groups, it follows that with ﬁnitely many exceptions, h(S) 3. Since n 3, we
need only consider Huppert’s exceptions, and all of those have Fitting height at most 4. The smallest
degree of one of these exceptions is 32 = 9, and so to complete the proof, it suﬃces to check that
4< (3/2) log2(9). Indeed, this inequality holds since 2
8 = 256< 729 = 93. 
5. The solvability of certain kernels
By Theorem 3.5, we know that the kernel K of an irreducible character χ of maximal degree
in some closed set X ⊆ Irr(G) is nilpotent. In Theorems 3.6 and 4.1, the maximality hypothesis was
relaxed in two different ways, and in each case, we were able to control the Fitting height of the
solvable radical S(K ). In this section we show (via an appeal to the classiﬁcation of simple groups)
that if the degree of χ is nearly maximal in X (either in the sense of Theorem 3.6 or in the sense
of Theorem 4.1) then in fact, K = ker(χ) is solvable, and so K = S(K ), and the Fitting height of K
is under control. In ﬁrst of the two main results in this section, we replace “maximal degree in X ”
by “second maximal degree in X ”, and in the other, we assume that ψ(1) < 2χ(1) for all members
ψ ∈X .
(5.1) Theorem. Let X ⊆ Irr(G) be a closed subset, and let K = ker(χ), where χ has second-maximal degree
in X . Then K is solvable and h(K ) 2.
(5.2) Theorem. Let X ⊆ Irr(G) be a closed subset, and let K = ker(χ), where χ ∈X and ψ(1) < 2χ(1) for
all characters ψ ∈X . Then K is nilpotent.
Of course, once we establish that K is solvable, the upper bound on the Fitting height of K in
Theorem 5.1 is immediate via Theorem 3.6. Similarly, if we can establish that K is solvable under
the hypotheses of Theorem 5.2, then K is nilpotent by Corollary 4.2. For each of Theorem 5.1 and
Theorem 5.2, therefore, it suﬃces to show that K is solvable.
Suppose that K = ker(χ) is not solvable under the hypothesis of Theorem 5.1 or Theorem 5.2, and
let N be the ﬁnal term of the derived series of K . Then N > 1, so if we choose a chief factor N/M of G ,
we see that N/M is a nonsolvable minimal normal subgroup of G/M . Let X0 = {ψ ∈X | M ⊆ ker(ψ)},
and view X0 ⊆ Irr(G/M). Then X0 is closed in Irr(G/M), and of course, χ ∈ X0. Also χ satisﬁes the
hypothesis of Theorem 5.1 or Theorem 5.2 respectively, with G/M in place of G and X0 in place of X ,
and of course, N/M ⊆ ker(χ). We can thus assume that M = 1, and that N is minimal normal in G .
To prove Theorem 5.1 or Theorem 5.2, therefore, it suﬃces to show that under the hypotheses of each
of those theorems, the kernel K cannot contain a nonsolvable minimal normal subgroup of G .
We need the following result, which, of course, relies on the classiﬁcation of simple groups and a
knowledge of their representation theory.
(5.3) Theorem. Let S be a nonabelian simple group, and view S as a normal subgroup of G = Aut(S). Then
there exists a nonprincipal character α ∈ Irr(S) such that α extends to G. If S is not of the form PSL(2,q)where
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β extends to G.
Proof. If S is not of the form PSL(2,q), where q is a power of 3, it follows by Proposition 3.7 of [5]
that there exist two nonprincipal irreducible characters of S having different degrees such that both
extend to G , and there is nothing further to prove. If S = PSL(2,q), where q is a power of 3. Then the
Steinberg character α of degree q has the desired property. (See the proof of Proposition 3.7 of [5], or
see Proposition 3.8 of that paper.) 
Next, we offer a related result for arbitrary nonsolvable minimal normal subgroups.
(5.4) Corollary. Let N be a nonsolvable minimal normal subgroup of G, and write C = CG(N). Then there exists
a character ξ ∈ Irr(G) such that ξN is irreducible and faithful, and C ⊆ ker(ξ). Also, if the simple direct factors
of N are not of the form PSL(2,q), where q is a power of 3, then there exists a second character η ∈ Irr(G) with
η(1) = ξ(1), and such that ηN is irreducible and faithful, and C ⊆ ker(η).
Proof. First, observe that N ∩ C = 1, and thus NC/C is a nonsolvable minimal normal subgroup of
G/C and NC/C ∼= N . Replacing G by G/C , therefore, we can assume that C = 1.
We may suppose that N is the direct product of r copies of some nonabelian simple group S ,
where r  1. Assume that γ ∈ Irr(S) is a nonprincipal character that extends to Aut(S), and recall
that Theorem 5.3 guarantees the existence of such a character, and it guarantees the existence of two
such characters with different degrees if S is not of the form PSL(2,q), where q is a power of 3. It
suﬃces, therefore, to construct a character θ ∈ Irr(N) such that θ extends to G and θ(1) = γ (1)r . Since
N is minimal normal in G and θ is nonprincipal and invariant in G , we see that θ will automatically
be faithful.
Recall that the r simple direct factors of N form a conjugacy class of subgroups of G . Fix one of
these simple factors S , and let B = CG(S) and M = NG(S). Then BS ⊆ M , and BS/B is the socle of
M/B , and so we can identify BS/B with S and M/B with a subgroup of Aut(S). Under this identiﬁca-
tion, γ corresponds to a character γ̂ ∈ Irr(BS/B), which we view as lying in Irr(BS). By assumption,
γ extends to Aut(S), and it follows that γ̂ extends to a character δ ∈ Irr(M), where B ⊆ ker(δ). Let
γ˜ = δN , and observe that γ˜ agrees with γ on S , and that each simple direct factor of N different
from S is contained in ker(γ˜ ). In particular, we see that γ˜ ∈ Irr(N).
Now let T be a set of representatives for the right cosets of M in G , and observe that |T | = r
and the simple direct factors of N are exactly the groups St , where t ∈ T . The character (γ˜ )t ∈ Irr(N)
agrees with a nonprincipal irreducible character on St , and each simple direct factor of N other that
St is contained in the kernel of (γ˜ )t . It follows that the character θ =∏t(γ˜ )t is irreducible, and its
degree is γ (1)r , as wanted.
It remains to show that θ extends to G . In fact, the tensor-induced character δ⊗G is an extension
of θ , as required. (See Section 4 of [3] for a brief exposition of tensor induction.) By Lemma 4.1 of [3],
it follows that (δ⊗G)N =∏t(γ˜ )t = θ , and this completes the proof. 
The proof of Theorem 5.2 depends only on the part of Corollary 5.4 that asserts the existence one
character with certain properties, and so we present that ﬁrst. The full strength of 5.4 together with
some additional information about the groups PSL(2,q), where q is a power of 3, will be used to prove
Theorem 5.1. The following technical lemma will be used for both Theorem 5.1 and Theorem 5.2.
(5.5) Lemma. Let X be a closed set of irreducible characters of G, and let χ ∈ X . Suppose that N ⊆ ker(χ)
where N  G, and let ξ ∈ Irr(G) be a nonlinear character such that ξN is irreducible and faithful and CG(N) ⊆
ker(ξ). Then ξχ ∈X .
Proof. Since χ can be viewed as an irreducible character of G/N and ξN is irreducible, it follows by
Gallagher’s theorem (Corollary 6.17 of [2]) that ξχ ∈ Irr(G). Also, since ξ is nonlinear, the degree of
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to prove that ξχ ∈X , as wanted.
First, N > 1 since ξN is a nonlinear irreducible character of N . Write L = ker(ξχ), and observe
that L ∩ N ⊆ L ∩ ker(χ) ⊆ ker(ξ). Since ξN is faithful, we conclude that L ∩ N = 1, and in particular,
N ⊆ L. Also, L ⊆ CG(N) ⊆ ker(ξ), where the second containment holds by hypothesis, and it follows
that L ⊆ ker(χ). In fact, this containment is proper since N ⊆ ker(χ) but N ⊆ L. 
Proof of Theorem 5.2. We have χ ∈ X , where X is closed, and we are assuming that ψ(1) < 2χ(1)
for all members ψ ∈ X . As we have seen, it suﬃces to show that ker(χ) contains no nonsolvable
minimal normal subgroup of G , so we suppose that N is such a subgroup, and we derive a contradic-
tion.
By Corollary 5.4, there exists a character ξ ∈ Irr(G) such that ξN is irreducible and faithful and
CG(N) ⊆ ker(ξ). Also, since N is nonsolvable and minimal normal in G , it follows that ξN is nonlinear.
Writing ψ = ξχ , we see by Lemma 5.5 that ψ ∈ X , and since ψ(1) = ξ(1)χ(1)  2χ(1), we have a
contradiction. 
As was the case for Theorem 5.2, the main tool in the proof of Theorem 5.1 is Corollary 5.4, but
here we need the full strength of that result, which asserts that if N is a nonabelian minimal normal
subgroup of G , then there (usually) are two characters of G with different degrees such that their
restrictions to N are irreducible and faithful, and their kernels contain CG(N). This can fail, however,
if N is a direct product of simple groups isomorphic to PSL(2,q), where q is some power of 3, and in
that case we must use an alternative argument.
Our proof in the case that N is a direct product of copies of S = PSL(2,q), where q is a power
of 3, relies on the following facts. Let Q ∈ Syl3(S), so that |Q | = q. Then S has exactly q + 1 Sylow
3-subgroups, and S acts doubly transitively on the set Syl3(S). Let H = NS(Q ), and write (1H )S =
1S + σ , so that σ ∈ Irr(S) and σ(1) = |S : H| − 1 = q. (Here, σ is the Steinberg character of S . We
can avoid appealing to the general theory of Steinberg characters, however, since we need nothing
beyond the facts that we have just stated. We should mention, however, that Steinberg characters
play a crucial role in the proof of Proposition 3.7 of [5], and that result underlies our Theorem 5.3.)
(5.6) Lemma. Let S = PSL(2,q), where q is a power of 3, and let N = S1 × · · · × Sr , where Si ∼= S for 1 
i  r. Let Q ∈ Syl3(N), and write H = NN (Q ). Then (1H )N has a unique irreducible constituent σ such that
σ(1) = |Q |. Also, σ is faithful, and it has multiplicity 1 in (1H )N .
Proof. Write Q = Q 1 × · · · × Qr and H = H1 × · · · × Hr , where Q i ∈ Syl3(Si) and Hi = NSi (Q i). It is
easy to see that
(1H )
N = (1H1 )S1 × · · · × (1Hr )Sr = (1Si + σ1) × · · · × (1Sr + σr),
where σi ∈ Irr(Si) has degree q = |Q i|. Expanding this product, we see that (1H )N is equal to the
sum of 2r irreducible characters of N , each of which is a product of some subset of the {σi}, with
principal characters as the remaining factors. Exactly one of these 2r characters has degree equal to
|Q | = qr , and the result follows since none of the factors Si is contained in ker(σ ), and therefore σ
is faithful. 
Proof of Theorem 5.1. Assuming that χ is of second maximal degree in the closed set X ⊆ Irr(G), we
have seen that it suﬃces to show that K = ker(χ) contains no nonsolvable minimal normal subgroup
of G . Supposing that N is such a minimal normal subgroup, we derive a contradiction.
Now N is a direct product of copies of some simple group S , and we assume ﬁrst that S is not
of the form PSL(2,q), where q is a power of 3. By Corollary 5.4, there exist characters ξ and η of G ,
where ξ and η have different degrees, CG(N) is contained in the kernel of each of them, and ξN
and ηN are faithful and irreducible. By Lemma 5.5, the characters ξχ and ηχ lie in X . Furthermore,
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assumption that χ has second maximal degree in X .
We can now assume that S ∼= PSL(2,q), where q is a power of 3. Let Q ∈ Syl3(N) and M = NG(Q ),
and write H = N ∩ M , so that H = NN (Q ). We have NM = G , and thus |G : M| = |N : H| is coprime to
|Q |. Also, since N ⊆ ker(χ), it follows that χM is irreducible, and we write θ = χM .
We know from Lemma 5.6 that (1H )N has a unique irreducible constituent σ such that σ(1) =
|Q |, and furthermore, [(1H )N , σ ] = 1 and σ is faithful. Now (1H )N = ((1M)G)N , so there exists an
irreducible constituent α of (1M)G that lies over σ , and σ occurs with multiplicity 1 as a constituent
of αN . Also, αN is a constituent (not yet known to be irreducible) of (1H )N , and thus σ is the unique
irreducible constituent of αN having degree σ(1). It follows that αN is a multiple of σ , and hence
αN = σ . In particular, αN is faithful and irreducible.
Now let C = CG(N), so that C ⊆ NG(Q ) = M . Since C  G , it follows that C ⊆ ker((1M)G), and
in particular, C ⊆ ker(α). We conclude by Lemma 5.5 that the character αχ is irreducible, and that
αχ ∈ X . Since χ has second maximal degree in X and α(1)χ(1) = σ(1)χ(1) = |Q |χ(1), it follows
that every member of X with degree exceeding χ(1) has degree |Q |χ(1).
Now σ ∈ Irr(N) and σ(1) = |Q |, where Q is a Sylow 3-subgroup of N . It follows that σ vanishes
on the nonidentity elements of Q , and thus σQ is the regular character of Q . In particular, each
linear character of the abelian group Q occurs with multiplicity 1 as a constituent of σQ . Choose an
irreducible constituent ϕ of σH such that ϕ lies over a nonprincipal linear character λ of Q . Since ϕ
is an irreducible constituent of σH = αH , we can choose an irreducible constituent β of αM such that
β lies over ϕ and thus over λ. Then
1 [βQ , λ] [αQ , λ] = [σQ , λ] = 1,
and thus [βQ , λ] = 1.
Since Q  M and β ∈ Irr(M), it follows that the irreducible constituents of βQ are M-conjugate
to λ, and so they are all nonprincipal, and they all appear with multiplicity 1 in βQ . It follows that
β(1) cannot exceed the number of nonprincipal linear characters of Q , and we have β(1) < |Q |. Also,
Q ⊆ H  M , and hence βH is a sum of distinct M-conjugates of ϕ .
Let T be the stabilizer of ϕ in M , and let η ∈ Irr(T ) be the Clifford correspondent of β with
respect to ϕ . Then ηM = β and [ηH ,ϕ] = [βH ,ϕ] = 1, and we conclude that ηH = ϕ . Now let γ be
an arbitrary irreducible constituent of θT , and note that since θ is an irreducible constituent of γ M ,
we have χ(1) = θ(1)  γ M(1) = |M : T |γ (1). Also, since N ⊆ ker(χ), we have H ⊆ ker(θ), and thus
H ⊆ ker(γ ). It follows by Gallagher’s theorem that ηγ ∈ Irr(T ), and since this character lies over
ηH = ϕ and T is the stabilizer of ϕ in M , we see that the character ψ = (ηγ )M is irreducible. Also,
ψ(1) = |M : T |η(1)γ (1) χ(1)η(1) = χ(1)ϕ(1).
We argue next that for each irreducible constituent ξ of ψG , we have N ∩ ker(ξ) = 1 and ker(ξ) <
ker(χ). Since ϕ is a constituent of ψH and ϕ is nonprincipal, it follows that H ⊆ ker(ψ), and thus H ⊆
ker(ξ), and we conclude that N ⊆ ker(ξ). Since N is minimal normal in G , we have N ∩ ker(ξ) = 1, as
claimed. We thus have ker(ξ) ⊆ CG(N) ⊆ NG(Q ) = M , and since ψ is a constituent of ξM , it follows
that ker(ξ) ⊆ ker(ψ) ⊆ ker(ηγ ), where the second containment holds since ψ = (ηγ )M . Furthermore,
since ker(ξ) ⊆ M and ker(ξ)  G , we have ker(ξ) ⊆ ker((1M)G), and thus ker(ξ) ⊆ ker(α). Now β is a
constituent of αM , and since ker(ξ) ⊆ M , we deduce that ker(ξ) ⊆ ker(β) ⊆ ker(η), where the second
containment holds because ηM = β . We now have ker(ξ) ⊆ ker(ηγ ) and also, ker(ξ) ⊆ ker(η), and it
follows that ker(ξ) ⊆ ker(γ ). As γ lies under θ = χM , it follows that the restriction of χ to ker(ξ)
has a principal constituent, and since ker(ξ)  G , we conclude that ker(ξ) ⊆ ker(χ). This containment
is strict, as claimed, since N ⊆ ker(χ) but N ⊆ ker(ξ).
If ξ is an irreducible constituent of ψG , then ξ(1) ψ(1) χ(1)ϕ(1) χ(1), and we show next
that ξ(1) > χ(1). Otherwise, ξ(1) = ψ(1) = χ(1), and it follows that ξM = ψ and ϕ(1) = 1, and thus
all constituents of ξH = ψH are linear. Then H ′ ⊆ N ∩ ker(ξ) = 1, so H is abelian. This is a contradic-
tion, however, since H = NN (Q ) and N does not have a normal 3-complement, and we conclude that
ξ(1) > χ(1).
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ker(ξ) < ker(χ), and since X is closed, it follows that ξ ∈ X for all such characters ξ . We have
seen, however, that every member of X with degree exceeding χ(1) has degree equal to |Q |χ(1),
and it follows that |Q |χ(1) divides ψG(1) = |G : M|ψ(1). Since ψ = (ηγ )M and β = ηM , we have
ψ(1) = |M : T |η(1)γ (1) = β(1)γ (1), and thus |Q |χ(1) divides |G : M|β(1)γ (1). This holds for ev-
ery irreducible constituent γ of θT = χT , and since χ(1) is an integer linear combination of the
degrees γ (1) for the various irreducible constituents γ of χT , we deduce that |Q |χ(1) divides
|G : M|β(1)χ(1). Then |Q | divides |G : M|β(1), and since |Q | and |G : M| are coprime, we see that |Q |
divides β(1). This is a contradiction, however, since we established previously that β(1) < |Q |. 
We have now established that for an arbitrary ﬁnite group G , the kernels of the characters of sec-
ond maximal degree in Irr(G) are always solvable. We have been unable to decide the corresponding
question for irreducible characters of third maximal degree, but solvability can deﬁnitely fail for ker-
nels of irreducible characters of fourth maximal degree. To see this, consider the group G = A5 × E ,
where A5 the alternating group of degree 5 and E is nonabelian of order 73. The set of irreducible
character degrees of G is {1,3,4,5,7,7·3,7·4,7·5}, and thus a character χ ∈ Irr(G) with χ(1) = 7 has
fourth maximal degree. The kernel of such a character, however, is the nonsolvable group A5.
6. Degree ratios
Recall that we have written b(G) to denote the maximum of the degrees of the irreducible charac-
ters of an arbitrary ﬁnite group G , and if G is nonabelian, we deﬁned c(G) to be the minimum of the
degrees of the nonlinear irreducible character degrees of G . Also, we deﬁned the degree ratio rat(G)
of a nonabelian group G by setting rat(G) = b(G)/c(G). Our main goal in this section is to control the
derived length of a nonabelian solvable group in terms of its degree ratio. In particular, we prove the
following, which is part of Theorem C.
(6.1) Theorem. Let G be solvable and nonabelian, and write r = rat(G). Then dl(G) 3+ 4 log2(r).
We begin with a preliminary (and well-known) result.
(6.2) Lemma. Let N  G, where G/N is not abelian. Then b(N) b(G)/2.
Proof. Choose θ ∈ Irr(N) with θ(1) = b(N). Let χ ∈ Irr(G) lie over θ , and let m = χ(1)/θ(1), so that
m is an integer. Then b(G)  χ(1) = mθ(1) = mb(N), so if m > 1, there is nothing further to prove.
Now assume that m = 1, so χN = θ , and thus by Gallagher’s theorem, χβ is irreducible for every
character β ∈ Irr(G/N). Since G/N is nonabelian, we can choose β to be nonlinear, and we have
b(G) χ(1)β(1) 2χ(1) = 2θ(1) = 2b(N). 
Using Lemma 6.2, one can easily obtain an upper bound on the derived length of a solvable
group G in terms of b(G). This result is analogous to the upper bound in terms of rat(G) that we
give in Theorem 6.1, and indeed, we use the following in the proof of Theorem 6.1.
(6.3) Corollary. Let G be solvable. Then dl(G) 1+ 2 log2(b), where b = b(G).
Proof. If G is abelian, the desired inequality is clear, and if dl(G) = 2, then b  2, and again the
inequality follows. We may assume, therefore, that dl(G) > 2, and we proceed by induction on dl(G).
Let N = G ′′ , so that dl(N) = dl(G) − 2 and G/N is nonabelian. Then b(N)  b/2 by Lemma 6.2, and
the inductive hypothesis, yields
dl(G) = 2+ dl(N) 2+ 1+ 2 log2(b/2) = 1+ 2 log2(b),
as wanted. 
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sequence the results of Sections 4 and 5. Of course, it was not necessary to assume that G is solvable
in Lemma 6.2, but if we want to avoid a solvability hypothesis in the following analogous result, we
must appeal to Theorem 5.2 (and thus indirectly to the classiﬁcation of simple groups). If we are
willing to assume that G is solvable, however, we can appeal directly to Corollary 4.2.
(6.4) Corollary. Let N  G, where N is not nilpotent. Then b(G/N) b(G)/2.
Proof. Suppose that b(G/N) > b(G)/2, and choose χ ∈ Irr(G/N) such that χ(1) = b(G/N). If ψ ∈
Irr(G) is arbitrary, we have ψ(1)  b(G) < 2b(G/N) = 2χ(1), and thus ker(χ) is nilpotent by The-
orem 5.2 (or by Corollary 4.2 if we assume that ker(χ) is solvable). But N ⊆ ker(χ), and N is not
nilpotent, and this is a contradiction. 
Using Corollary 6.4 in place of Lemma 6.2, we can easily obtain an upper bound on the Fitting
height of a nonabelian solvable group G in terms of rat(G). For Theorem 6.1, however, we want a
bound on the derived length, and not just on the Fitting height, and to obtain that, it seems that
Corollary 6.4 is not suﬃcient, and we will have to use other techniques. Nevertheless, we present the
Fitting-height inequality here because it is easy to establish using an argument very similar to that in
the proof of Corollary 6.3.
(6.5) Corollary. Let G be solvable and nonabelian, and write r = rat(G). Then h(G) 3+ 2 log2(r).
Proof. The result is trivial if h(G) 3, so we assume that h(G) > 3, and we proceed by induction on
h(G). Write b = b(G) and c = c(G), and let N = F2(G). Since N is not nilpotent, we have b(G/N) b/2
by Corollary 6.2. Also, G/N is nonabelian and c(G/N) c, and thus rat(G/N) r/2. Since h(G/N) =
h(G) − 2, the inductive hypothesis applies in G/N , and we have
h(G) = 2+ h(G/N) 2+ 3+ 2 log2(r/2) = 3+ log2(r),
as wanted. 
We begin work now toward a proof of Theorem 6.1 by establishing a p-group version of the result.
Recall that if G is a p-group, then G is an M-group, and Taketa’s theorem implies that dl(G) |cd(G)|,
where cd(G) is the set of degrees of the irreducible characters of G . (See Theorem 5.12 of [2].)
(6.6) Lemma. Let r = rat(G), where G is a nonabelian p-group. Then dl(G) 2+ logp(r).
Proof. Let pa and pb , respectively, be the smallest and largest nonlinear irreducible character degrees
of G , and observe that |cd(G)| 1+ (b − a+ 1) = 2+ b − a. Also, r = pb−a , so logp(r) = b − a, and by
Taketa’s theorem, dl(G) |cd(G)| 2+ b − a = 2+ logp(r), as wanted. 
The following results show that in certain special situations, the degree ratio rat(G) is an upper
bound for the maximum irreducible character degree b(K ) for a normal subgroup K of G .
(6.7) Lemma. Let K  G, where G/K is nonabelian, and assume that each member of Irr(K ) extends to its
stabilizer in G. Then b(K ) rat(G).
Proof. Let ϕ ∈ Irr(K ) with ϕ(1) = b(K ). By hypothesis, ϕ extends to its stabilizer T in G , and we
let ϕ̂ ∈ Irr(T ) be such an extension. Since G/K is nonabelian, there exists a nonlinear character θ ∈
Irr(G/K ), and we choose an irreducible constituent η of θT . Then θ is a constituent of ηG , and thus
c(G) θ(1) ηG(1) = η(1)|G : T |.
I.M. Isaacs / Journal of Algebra 322 (2009) 2220–2234 2233Also, N ⊆ ker(θ), so N ⊆ ker(η), and thus by Gallagher’s theorem, ϕ̂η is an irreducible character of T .
Of course, ϕ̂η lies over θ , and hence (ϕ̂η)G ∈ Irr(G) by the Clifford correspondence. Then
b(G) (ϕ̂η)G(1) = ϕ(1)η(1)|G : T |,
and we conclude that
rat(G) = b(G)
c(G)
 ϕ(1)η(1)|G : T |
η(1)|G : T | = ϕ(1) = b(K ),
as wanted. 
(6.8) Lemma. Let K  G, where G/K is a Frobenius group having an abelian Frobenius kernel. Then b(K ) 
rat(G).
Proof. Let ϕ ∈ Irr(K ) with ϕ(1) = b(K ), and let T be the stabilizer of ϕ in G . Then |G : T |ϕ(1) divides
the degree of every irreducible character of G that lies over ϕ , and in particular, b(G) |G : T |ϕ(1).
Let N/K be the Frobenius kernel of G/K , and write S = N ∩ T and R = NT . Then S N since S ⊇ K
and N/K is abelian, and it follows that S  R . Since the action of G/N on N/K is Frobenius, so too is
the action of R/N on N/S , and we have |R/N| |N/S|. Then
|G : T | = |G : R||R : T | = |G : R||N : S| |G : R||R : N| = |G : N|,
and thus b(G)  |G : T |ϕ(1)  |G : N|ϕ(1) = |G : N|b(K ). Since |G : N| is the degree of a nonlinear
irreducible character of G , we obtain
rat(G) = b(G)
c(G)
 |G : N|b(K )|G : N| = b(K ),
as wanted. 
Proof of Theorem 6.1. First, suppose that there exists K  G such that G/K is a nonabelian p-group
for some prime p, and let f ∈ cd(G/K ) with f > 1.
If G has a nonlinear irreducible character of degree e not divisible by p, this character restricts ir-
reducibly to K , and it follows by Gallagher’s theorem that G has an irreducible character of degree ef .
Then
r = b(G)
c(G)
 ef
f
= e,
and thus
r = b(G)
c(G)
 b(G)
e
 b(G)
r
.
Then b(G)  r2, and by Corollary 6.3, we have dl(G)  1 + 2 log2(r2) = 1 + 4 log2(r), and there is
nothing further to prove in this case.
We can now assume that G has no nonlinear irreducible character of p′-degree, and thus G has a
normal p-complement N by Thompson’s theorem. (See Corollary 12.2 of [2].) Also, N ⊆ K , and thus
G/N is nonabelian. Furthermore, since N is a Hall subgroup of G , every irreducible character of N
extends to its stabilizer in G , and Lemma 6.7 applies. (See Corollary 6.28 or Corollary 8.16 of [2].) We
conclude that b(N) r, and thus by Corollary 6.3,
dl(N) 1+ 2 log2
(
b(N)
)= 1+ 2 log2(r).
2234 I.M. Isaacs / Journal of Algebra 322 (2009) 2220–2234Also, rat(G/N) rat(G) = r, and since G/N is a p-group, Lemma 6.6 yields
dl(G) dl(N) + dl(G/N) (1+ 2 log2(r))+ (2+ logp(r)) 3+ 3 log2(r),
and we are done in this case.
What remains is the case where no nonabelian homomorphic image of G is a p-group. In this
situation, there exists K G such that G/K is a Frobenius group with abelian kernel N/K , where G/N
is cyclic. (See Lemma 12.3 and the following discussion in [2].) By Lemma 6.8, we have b(K ) r, and
thus by Corollary 6.3,
dl(G) 2+ dl(K ) 2+ 1+ 2 log2
(
b(K )
)
 3+ 2 log2(r),
and the proof is complete. 
If G is solvable and rat(G) < 2, Theorem 6.1 yields dl(G) < 7, but actually, we can obtain a much
better inequality. The following is the part of Theorem C that we have not yet established.
(6.9) Theorem. Let G be solvable, and assume that rat(G) < 2. Then dl(G) 3.
It is easy to see that in some sense, Theorem 6.9 is best possible. If G is the symmetric group S4,
then rat(G) = 3/2 and dl(G) = 3, and so the inequality dl(G)  3 cannot be strengthened. Also, if
G = GL(2,3), then rat(G) = 2 and dl(G) = 4, and thus the condition rat(G) < 2 cannot be weakened.
Proof of Theorem 6.9. Since the degree ratio of every nonabelian homomorphic image of G is less
than 2, we can assume that every proper homomorphic image has derived length at most 3. Assuming
that dl(G) exceeds 3, therefore, we conclude that G ′′′ is the unique minimal normal subgroup of G .
Also, since G has a unique minimal normal subgroup, it follows that F(G) is a p-group for some
prime p, and thus every nilpotent normal subgroup of G is a p-group.
If G is a p-group, then all irreducible characters of G are p-powers, and the hypothesis implies
that G has at most one nonlinear irreducible character. Then |cd(G)| 2, and it is known that in this
case, dl(G) 2. (See Corollary 12.6 of [2].) We can assume, therefore, that G is not a p-group.
Suppose that some homomorphic image of G is a nonabelian q-group for some prime q, and
choose K  G such that G/K is a q-group with derived length 2. Since rat(G) < 2, and G/K is non-
abelian, it follows from Corollary 4.2 that K is nilpotent, and so K is a p-group. Also, q = p since G is
not a p-group, and thus K is a normal Sylow p-subgroup of G , and hence every irreducible character
of K extends to its stabilizer in G . By Lemma 6.7, therefore, b(K ) rat(G) < 2, and thus K is abelian,
and we conclude that dl(G) 3, as wanted.
We can assume now that no nonabelian homomorphic image of G is a q-group for any prime q,
and thus we can choose K G so that G/K is a Frobenius group with abelian kernel N/K , where G/N
is cyclic. By Lemma 6.8, we have b(K ) rat(G) < 2, and thus K is abelian and dl(G) 3. 
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